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I. CALCULATION OF EXCHANGE AND
DIPOLAR ENERGIES

FIG. S1. Geometric parameters characterizing a nanotube
with N spins per ring. Spin positions are shown by empty
circles and directions tangent to the tube surface by red ar-
rows. The angle between two consecutive spins separated by
a distance ri1 is denoted by ϕN .

Let us consider a tube with spins pointing tangentially
to the tube surface and aligned at an angle θ with respect
to the tube axis. The components of any two consecutive
spins can be written as (see Fig. S1)

~Si = (0, sin θ, cos θ)

~Si+1 = (− sin θ sin(ϕN/2), sin θ cos((ϕN/2), cos θ) .

Then, the exchange energy is readily computed as all
spins have z nn except for the N spins of the top and
bottom layers which have only z/2 nn. Therefore, the

exchange energy per spin and unit J is:

εex(θ) =
−z(NNz − 2N) − z/2J(2N)

NNz
(~Si · ~Si+1) (1)

=
−zNNz + 2zN − zN

NNz
(~Si · ~Si+1) (2)

=
−zNNz + zN

NNz
(~Si · ~Si+1) (3)

= −z
(

1 − 1

Nz

)[
1 − sin2 θ(1 − cos(ϕN/2))

]
.

(4)

For a (8,15) tube, this gives εex(0) = −3.733 and
εex(π/2) = −3.45.

The dipolar energy can be also calculated exactly af-
ter a careful development by considering first the contri-
bution of intralayer interactions and then the interlayer
interactions between odd and even layers. Due to the
cylindrical symmetry of the system, geometrical consid-
erations allow to obtain compact expressions in J units.
Thus, intralayer contribution is given by:

εdip,intra(θ) =

N/2∑
i=1

ωi
d3i

(cosαi − 3 cos2 α′i), (5)

where i is an index labeling pairs of spins having a fre-
quency to occur ωi and

cosαi = 1 − sin2 θ (1 − cos(ϕi)) (6)

cosα′i = sin θ cos(ϕi/2) (7)

di = R
√

2 (1 − cos(ϕi)) = 2R sin(ϕ1/2) . (8)

This equation can be further transformed into a more
compact formula if the sums are extended to N and an-
gles α and α′ are expressed as a function of θ, ϕi

εdip,intra(θ) =

N−1∑
i=1

1

d3i

{
1 − sin2 θ

[
2 + cos2(ϕi/2)

]}
(9)

= γ

N−1∑
i=1

1

d3i

{
1 − sin2 θ

2
[5 + cosϕi]

}
. (10)

Odd interlayer contribution is given by:

εdip,odd(θ) =
∑
k

(
1 − (2k − 1)

Nz

) N∑
i=1

(cosβi − 3 cos2 β′i)

d3i,2k−1
(11)
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where k runs over layer indexes and

cosβi = 1 − sin2 θ (1 − cos(ϕ2i−1/2))

cosβ′i = rik,|| sin θ cos(ϕ2i−1/4)) + rik,⊥ cos θ ,

where in turn

rik,|| =
di,||√

((2k − 1)l)2 + d2i,||

rik,⊥ =
(2k − 1)l√

((2k − 1)l)2 + d2i,||

d2i,|| = 2R2(1 − cos((2i− 1)ϕN/2)

di,2k−1 =
√

((2k − 1)l)2 + d2i,|| ,

being l the distance between two consecutive layers. Sim-
ilarly, the even interlayer contribution is given by:

εdip,even(θ) =
∑
k

(
1 − 2k

Nz

) N∑
i=1

(cos ηi − 3 cos2 η′i)

d3i,2k
(12)

where

cos ηi = 1 − sin2 θ(1 − cosϕi−1)

cos η′i = rik,|| sin θ cos(ϕi−1/2)) + rik,⊥ cos θ

where in turn

rik,|| =
d′i,||√

(2kl)2 + d′2i,||

rik,⊥ =
2kl√

(2kl)2 + d′2i,||

d′2i,|| = 2R2(1 − cosϕi−1)

di,2k =
√

(2kl)2 + d′2i,|| .

For a (8,15) tube with a = 0.5, this expressions give
εdip(0) = −13.105 and εdip(π/2) = −17.289 .

II. ESTIMATION OF DIPOLAR
INTERACTIONS

Let us estimate the order of magnitude of the dipo-
lar interaction energy between magnetic dipoles that ap-
pears as a global factor D in our model Hamiltonian Eq.
1. For identical dipoles oriented parallel, it is given by

D = µ0

4π
µ2

d3 , where µ is the magnetization of a dipole and
d the dipole-dipole separation. When the dipoles are de-
scribed by individual atomic magnetic ions of a particular
material, then inserting µ ∼ nµB and d ∼ xa (a = 1Å),

this gives Edip ∼ 0.6n
2

x3 (K). For Co (n = 1.7, x = 2.5),
we have Edip ∼ 0.11 K. Whereas for dipoles representing
the total magnetization of a nanoparticle of volume V ,
the dipolar moment is µ = MsV . So that, for spherical
particles of diameter D separated by a distance d = λD,
we have Edip = µ0

4π
π
6M

2
S(Dλ )3, and therefore, for typical

Ms = 5 × 105 A/m and D = 10 nm, we have Edip ∼ 500
K.
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III. ADDITIONAL FIGURES

Spin configurations of the (8,15) for different values of γ corresponding to the profiles given in Fig. can also be
visualized by using the Bloch sphere representation shown in Fig. S2, where all the 120 spins of the tube are drawn
as points at the surface of a sphere according to their orientation in spherical coordinates (see Eq. 8). Configurations
are colored according to their corresponding γ as shown in the legend of Fig. S2.

FIG. S2. Bloch sphere representation of the spin configurations shown in Fig. 8

Regarding the quasi-uniform states considered in the main text, we show in Fig. S3 the dependence of γ? on the
tube length for three tube radii. This is the value for which the energy of these states is independent of the angle θ.

FIG. S3. Dependence of γ? (the critical value for which magnetic configurations with spins tangent to the tube surface and
having all the same angle θ have energy independent of θ) on the tube length Nz for tube radii indicated in the legend.
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A representative magnetic configuration of the mixed states considered in the numerical calculations of the main
text.

FIG. S4. Configuration of a (8,30) nanotube in the mixed state with θ0 = 67◦ and λ = 14.

Magnetic configurations obtained after MC simulated annealing for γ = 0.05 for tubes with the same dimensions
as those presented in Fig. 10.

FIG. S5. Configurations obtained by MC simulation following simulated annealing process for γ = 0.05 and nanotubes with
dimensions (N,Nz) = (8, 30), (8, 45), (16, 64), (16, 8).
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